We consider the smallest possible directional reference frames allowed and determine the best one can ever do in preserving quantum information in various scenarios. We find that for the preservation of a single spin state, two orthogonal spins are optimal primitive reference frames, and in a product state do approximately 22% as well as an infinite-sized classical frame. By adding a small amount of entanglement to the reference frame this can be raised to 2(2/3) 5 = 26%. Under the different criterion of entanglement-preservation a very similar optimal reference frame is found, however this time for spins aligned at an optimal angle of 87 degrees. In this case 24% of the negativity is preserved. The classical limit is considered numerically, and indicates under the criterion of entanglement preservation, that 90 degrees is selected out non-monotonically, with a peak optimal angle of 96.5 degrees for L = 3 spins.
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I. INTRODUCTION
In information processing it is generally assumed that a large, classical background reference frame is defined and readily available. For example, to measure the spin of a particle along a certain axis, a Cartesian frame is required.
In flat space, with Euclidean geometry, it is usual and convenient to work with orthogonal axes. However, for a classical reference frame (CRF) any non-degenerate coordinate system, together with the usual vector addition law, is assumed to be operationally sharp in specifying any direction in space. Furthermore, the principle of general covariance [1] dictates that the laws of physics do not contain privileged sets of vector fields. As a result of these two assumptions it follows that any two nondegenerate CRFs will do equally well in specifying directions in space, and so there is no operational distinction between non-degenerate classical reference frames.
However, "information is physical", and so any directional CRF is unavoidably described by a classical system in a well-defined state. Beyond classical scenarios, situations arise where such an idealized CRF is not available and a finite-sized reference frame is required. For such a quantum reference frame (QRF), encoded say in the quantum state of a set of spin particles, one obtains deviations from the classical situation and finite-size effects can be important [2] [3] [4] [5] [6] [7] .
A typical scenario of interest might consist of an agent Eve who prepares a singlet spin state and gives the two halves to parties Alice and Bob, who wish to detect entanglement present in the system via their local measurements. In order to do so, they must share some notion of 'up and down'. This classically corresponds to a shared Cartesian frame, and is described by a rotation R(Ω) that takes some local orthonormal triad for Alice or Bob to some local orthonormal triad for Eve, whether Alice and Bob decide to use orthonormal coordinates or not. In the absence of a shared classical frame, the directionality must be encoded in quantum systems QRF A and QRF B that accompany the two halves of the singlet state. The quantum information, here entanglement, is only partially preserved in the relational properties of the composite state. The degree to which it is preserved will depend on both the size of the QRFs and on their particular directional states.
It is a remarkable fact that Nature provides a minimum non-zero size of spin for particles, e.g. the intrinsic spin of an electron, and hence a minimum scale for a directional reference frame. In three dimensions equipped with a Euclidean inner product we have the notion of a cross-product [9] , and so classically it suffices to specify two linearly independent directions in space, e 1 and e 2 , with a third direction then taken to be e 1 × e 2 . In the quantum regime, we then find that the simplest possible QRF allowed consists of two non-aligned spin-1/2 particles [2] .
In this paper we consider the fundamental limits of directional reference frames, and consider a QRF that consists of just two spin particles. Our primary interest is in the properties of the quantum reference frame itself, separate from the system for which it is used, and so we take the QRF to be in a pure state, uncorrelated with any other system. While classically any non-degenerate coordinate system performs as well as another, this is not the case for a quantum reference frame. Intuitively one would expect that a QRF with spins aligned orthogonally is best, since it is "farthest from the spins being parallel", surprisingly however, we shall find that this is not generally the case. Instead we find that entanglement can assist the QRF, and that orthogonal spins are almost special.
A. Overview of main results
In section II we introduce the primitive quantum reference frames and use the symmetries of G-twirling to restrict to a canonical set of states.
In section III we determine the optimal primitive reference frame that preserves a single spin state and find that the best one can ever do is a 26% reduction of the volume of state space, for orthogonal reference frame spins with entropy of entanglement E = 0.19.
Section IV then deals with the operational criterion of entanglement preservation, in which two distinct cases arise: either Alice lacks a directional frame or both Alice and Bob lack a directional reference frame. We establish a useful theorem for the negativity N of a bipartite state and analyse the loss in entanglement in terms of a sub-normalized quantum operation on one half of the entangled state. Surprisingly, we find that the optimal alignment of the product reference frame spins is at an angle of 87 degrees, which preserves 23.6% of the negativity, and by adding some entanglement to the reference frame this can be raised to 24.4%. We also find that it is possible to obtain greater negativity if we use a less than maximally entangled state. For the case of both Alice and Bob lacking a reference frame we find that the most entanglement one can preserve with primitive reference frames is N = 7%, with identical frames for Alice and Bob, but now with reference frame spins aligned at an angle of 83 degrees.
In section V we consider how increasing the spin from the primitive reference frame scale to the classical limit affects matters. We show how classical vector addition emerges sharply in the large-L limit, analyse how well the spin-L reference does at preserving entanglement and give evidence that suggests that 90 degrees is asymptotically optimal [15] .
We conclude with section VI and provide some technical details on G-twirling in the appendix.
II. THE PRIMITIVE QUANTUM REFERENCE FRAME
We look at the simplest possible quantum reference frame for specifying spatial directions in 3 dimensionstwo non-aligned spin-1/2 particles. We refer to any QRF consisting of two spin-1/2 particles simply as a primitive quantum reference frame. Our task is to determine the optimal primitive quantum reference frame for both state preservation and entanglement preservation. The absence of a CRF is described mathematically by the action of G-twirling, which involves an averaging of a quantum state over the rotation group. The technicalities of G-twirling as they relate to this work are described in the appendix.
A. Canonical reference frame states
In what follows we shall assume that the QRF is in a pure state |QRF . The system spin states are labelled with respect to a defining, background CRF so that |J z = +1/2 ≡ |0 and |J z = −1/2 ≡ |1 and we order the three spins so that H = H QRF ⊗ H system .
For any single spin unitary U , and any composite state ρ on H we can use
and so a rigid rotation of the QRF is equivalent to an application of the inverse rotation to the system of interest, and does not affect the issue of irreversible loss of quantum information. This equivalence under the two different transformations is simply the equivalence between active and passive transformations in physics [1] .
In particular this means that, without loss of generality, we may restrict ourselves to a subset of canonical QRF states. We can thus work in an external frame in which the Schmidt decomposition of the canonical QRF state is parameterized as
III. OPTIMAL FOR A SINGLE SPIN STATE
The G-twirling of 3 spins under rotations, results in a single protected subsystem qubit, and in what follows we shall consider the encoding of a single spin state into this protected subsystem. The technical details of G-twirling are contained in appendices A and B, while appendix C describes the spin observables that allow access to the virtual subsystem degrees of freedom.
The key property of the G-twirling map on the 3 spin system is that it splits up into a fully decohering map on the 4-dimensional subspace corresponding to a total angular momentum J = 3/2, and a partially decohering map on the orthogonal J = 1/2 subspace. The J = 1/2 subspace can in turn be split into two virtual qubit systems M 2 ⊗ N 2 . More explicitly, we have
where Π 1 is the projector onto the J = 3/2 subspace, and Π 2 is the projector onto the J = 1/2 subspace. The operation D 1 is fully decohering on the support of Π 1 , while
, which signifies that it decoheres fully on a 2-dimensional virtual subsystem M 2 while leaving the 2-dimensional virtual subsystem N 2 unaffected (see appendix B for more details).
We adopt the convention of (α, β, δ) for the QRF parameters as given in (2), and use single spin state parameters (θ, φ), in the state |θ, φ = cos θ|0 + e iφ sin θ|1 .
The encoding of the spin state into the protected subsystem defines a quantum channel from the physical system into a virtual subsystem. The quality of the QRF at protecting quantum information is then equivalent to how noisy this resultant quantum channel is, and as such we do not worry about unitary rotations in the encoding of the state. We also note that the reduction in purity under the encoding can vary greatly with the direction along which the spin is polarized. To eliminate scenarios in which the state is strongly dephased (e.g. ones that preserve only classical information) we should require that the encoding of the quantum state does not decohere strongly along any one direction.
In light of this, we use the volume of the image of the state space under the mapping induced by the Gtwirling as a suitable measure of how well the QRF preserves a general spin state. A large volume for the image of the Bloch sphere implies a high average purity for all spin polarizations, and conversely an encoding that preserves a high level of purity for all polarizations will result in a large image volume. Furthermore, since the trace distance coincides with the Euclidean distance between Bloch vectors [10] , we will simply use the Euclidean volume element as our measure. Given an image volumeṼ we can define a characteristic distance r = (
1/3 ≤ 1 for the encoding, which gives a measure for the average distinguishability of two orthogonal states under the encoding.
We first consider a canonical QRF that is in a product state
with the full state |Ψ = |QRF ⊗ |θ, φ then subject to G-twirling. Only the reduced state on the protected virtual subsystem is unaffected, and we may obtain the Bloch vector in the protected virtual subsystem by simply computing the qubit state
The bases for the J = 3/2 and J = 1/2 are {|J, s, p }, and are given explicitly in appendix B. We define a virtual set of two qubits for the J = 1/2 sector as |ī ⊗ |j := | 1 2 , i, j . In this notation, the second of the two virtual qubits is the protected virtual subsystem in which the quantum state is stored.
To determine the protected qubit state we first project into the J = 1/2 sector and then trace out the first virtual qubit. Upon doing this for the uncorrelated QRF (4), we find that the Bloch vector of the protected state is given by R = (R x , R y , R z ) where
For two aligned spins we have β = 0 and the Bloch vector images get set to (0, 0, − 2 3 sin 2 θ) and so is a very poor image of the Bloch sphere. Similarly for antialigned spins, β = π, we get (− 1 √ 3 cos 2θ, 0, 1 3 ) and so is also a very poor image of the Bloch sphere; both are 1-dimensional images of the sphere.
As already mentioned, we can view the action of the Gtwirling as defining a single qubit quantum channel. The mapping induced by the G-twirling can then be written as an affine map of the state space x → A(α, β, δ)x + b(α, β, δ), composed of a linear transformation followed by a global translation along a fixed direction. The volume distortion factor is obtained from the determinant of the linear transformation and for a canonical product state QRF is found to equal detA = 2 9 sin 2 β, which has a peak for β opt = 90 degrees. Thus, the best product QRF for the preservation of the single spin logical state is obtained when we orient the two spins orthogonally, for which the Bloch sphere is shrunk by about 22%. The image of the Bloch sphere becomes
Note that the arbitrary phase angle on the QRF acts simply as a linear translation of the phase of the encoded state.
For the most general QRF in which we allow the two spins to be entangled, it is possible to once again calculate the volume distortion of the state space. In this case detA(α, β) = 2 9 (cos α − sin α)
where for simplicity we have set δ = 0 as this turns out to be optimal. We now have a maximum volume for β opt = 90 degrees and α opt = arctan(2 √ 2−3). This corresponds to an entropy of entanglement [8] of E[|QRF QRF |] = 0.19 for the QRF.
Thus, the best possible primitive quantum reference frame for the encoding a single spin state shrinks the Bloch Ball by a factor 64 243 ≈ 26%, or roughly to a radius of 0.64, and shows that an orthogonal frame is best, but a little bit of entanglement also helps.
IV. OPTIMAL FOR SPIN ENTANGLEMENT
We now determine the best primitive QRF for the preservation of entanglement. As mentioned before we have a global freedom to rigidly rotate the QRF in space. We consider a composite state |Ψ = |QRF A ⊗ |ϕ ⊗ |QRF B , where |ϕ is a maximally entangled state of two spin-1/2 particles, however rotation of the two local QRFs is equivalent under G-twirling to the application of rotation of the two spins that make up |ϕ . Since every such pure maximally entangled state is locally equivalent to the singlet state, we can take |ϕ = |ψ − and work with a general QRF, or alternatively we can fix |QRF A and |QRF B to be canonical QRF states and leave |ϕ unspecified, but maximally entangled. We opt for the latter.
As the measure of bipartite entanglement, we use negativity [11] 
A. Twirling Alice
We consider the state consisting of a canonical QRF for Alice and a maximally entangled two spin state. The four spins are in the state
G-twirling Alice involves Ψ ≡ |Ψ Ψ| transforming as
which acts only on the first three spins. Since measures of entanglement are unitarily invariant, we define a unitary U from the physical basis for the three spins to a virtual one, consisting of orthonormal basis vectors for the two sectors H 1 and H 2 . We then analyse the two (unnormalized) states
† , where we project into the two sectors of the first 3 spins and transform to the virtual basis. In the virtual basis we use the states |0 and |1 of the first spin to label the two orthogonal sectors.
The action of the G-twirling on the first three spins with probability p 1 , results in the first 'sector spin' being projected into the |0 state and spins 2 and 3 in being fully depolarized, and with probability p 2 , the sector spin being projected into |1 and spin 2 fully depolarized. This leaves us with
(subscripts on the right-hand side label the qubits) and
We find that for the singlet state the projection probabilities are given by
(cos β −2 cos α cos β cos δ sin α + cos δ sin 2α). (9) We wish to maximize the negativity of the full state G[Ψ] across A and B. Since negativity is unitarily invariant we attack the problem in the virtual basis, and establish the following lemma and theorem, which are useful for our analysis.
Lemma IV.1. Given hermitian operators {A i } and {B i }, with each pair in {A i } having mutually orthogonal support, we have that
Proof. By spectral decomposition, any hermitian operator M can be written as M = M + − M − , where M ± are positive operators with orthogonal support, and thus
However, A i,± ⊗ B i,± is orthogonal to A k,∓ ⊗ B k,± for i = k by definition of the decomposition into positive operators, and orthogonal for i = k by assumption on the set {A i }. Hence, we have X : 
Due to the orthogonality of the different local sectors for A, the above theorem tells us that our task of maximizing the negativity of the full state is reduced to maximizing N [ρ AB ] = p 2 N [σ (2) 34 ] over the virtual two spin output states σ (2) 34 .
B. Induced quantum operation on a single spin
From the analysis in the previous section we established that it is sufficient to consider the induced selective quantum operation on the one half of the maximally entangled state |ϕ , that takes ϕ → p 2 σ (2) 34 . This operation depends on the specific QRF state |QRF (α, β, δ) involved in the G-twirling and can be described by the linear completely positive map
where M 1,2 act non-trivially only on the first spin. The operators M 1,2 can be found by projecting into the J = 1/2 sector and then tracing out the virtual subsystem M. For the canonical primitive QRF state (2) they are given by
(e iδ cos α − sin α) sin
(e iδ cos α + sin α) sin β 2 2 3 cos α cos
We have fixed the QRF state to be canonical, and can now consider a maximally entangled spin state shared between A and B which, in general, can be written as |ϕ = ½ ⊗ U |ψ − , for some unitary U . The action of the quantum operation on this state is then
and from unitary invariance of negativity we conclude that all maximally entangled spin states |ϕ will suffer exactly the same loss in negativity.
It is then a simple matter to compute p 2 σ
and analyse its negativity. In particular, for the case of a canonical product state QRF, the state σ 
in the virtual basis. For β = π/2 the negativity of the bipartite state may be found analytically and is
≈ 23.57%, and furthermore, to good approximation we have that
for an entangled state |ϕ = cos γ|01 − sin γ|10 . Surprisingly however, it turns out that a state of orthogonal spins is not the optimal product state QRF. It can be shown that one can do slightly better, and obtain N [ρ] = 23.60% for β opt = 87 degrees. As in the previous section, the addition of a small bit of entanglement increases the performance of the QRF. Numerics on the full set of quantum reference frames show that the optimal primitive reference frame for preserving entanglement in a maximally entangled spin state achieves N [ρ] = 24.4% for the QRF in the state with δ = 0, an entropy of entanglement of E = 0.167 (for α opt = −0.15) and the spins aligned at an angle 82 degrees! Interestingly, this QRF is quite similar to the analytic optimal one we obtained for the quite different task of preserving a logical state. Furthermore, both do approximately 25% as well as the classical limit, with the addition of entanglement providing a similar benefit in each case.
It is also of interest to consider partially entangled states |ϕ . If we use the entangled state |ϕ = cos γ|01 − sin γ|10 , instead of a maximally entangled state we find that the optimal alignment angle obeys
however, more unusual is that we can preserve more output entanglement by using a less than maximally entangled input state. A careful numerical analysis finds that the most entanglement that can be preserved with any QRF and any entangled two spin state is with β opt = 82 degrees, δ opt = 0, α opt = −0.2 and γ opt = 38 degrees. For this we get N = 25.2%. Here we note that the negativity varies slowly for angles between about 80 and 90, while the addition of entanglement to the QRF contributes to a much larger variation for N . The unusual parameters for the optimal QRF in each case arise from the finitesized effects within the full Hilbert space, which occur once we impose the constraint that the QRF must be a separate, disentangled, system. For such small systems the states of the protected virtual subsystem only have partial overlap with those accessible product states.
C. Twirling Alice and Twirling Bob
The tools acquired in the previous section can be directly applied to the situation where neither Alice nor Bob has access to the reference frame of the prepared maximally entangled spin state. As before, we restrict to primitive quantum reference frames QRF A and QRF B for Alice and Bob respectively.
The composite system is composed of six spins, in the pure state |Ψ = |QRF A ⊗ |ϕ ⊗ |QRF B . However, the independent G-twirling at A and B transforms the state
where we again label local sectors as either 1 or 2, and define Π i,j ≡ Π B,i Π A,j . We transform to the two local virtual bases, and use the orthogonality of the spin states labelling the sectors to deduce that is rank 2. We obtain this state more directly via an application of the selective operations derived above, in other words
with corresponding single spin Kraus matrices {M A i , M B j } given by the local QRFs as in (11) . It is then straightfoward to determine, for example, that in the case of product state QRFs for both Alice and Bob, the largest negativity preserved under the two G-twirlings is only N = 7% for a QRF with spins aligned at β A = β B = 83 degrees.
V. THE CLASSICAL LIMIT: SPIN-L QUANTUM REFERENCE FRAMES
We have obtained optimal angles close to 90 degrees for primitive QRFs, and so it is natural to ask what happens to these angles in the classical limit. To do this we consider a QRF composed of two spin-L particles and analyse how β opt varies with L for a singlet state input. The sector structure at A now becomes (
, and we get 2L virtual protected qubits on 2L different sectors.
As before, we unitarily transform A to a local 'sector' plus 'junk' system and a protected qubit system. The negativity of the resultant state (assuming singlet between A and B) is then given by
where k ranges over the 2L sectors containing protected qubits, σ k is the reduced state on the two spin subsystem, and p k is the projection probability of obtaining sector k.
We may once again obtain a reference frame dependent quantum operation
that describes the action of the G-twirling purely on Alice's spin and gives the required ensemble terms
for the negativity.
A. Sectors for the Quantum Reference Frame
To construct the unitary to go from the physical basis states to the H k sector states we make use of the ClebschGordan coefficients [12, 13] L, L; m 1 , m 2 |J, M to couple the two spin-L particles in the QRF.
In this setting it is illuminating to see how for large L the state of two orthogonal spins |J z = L ⊗ |J x = L is distributed over the different sectors. Classically one expects the sharp vector addition law where the two orthogonal vectors add to one of length √ 2L. Numerics show that as L increases the distribution of |J z = L ⊗ |J x = L is sharply peaked on the sector with total J value closest to √ 2L as one would expect (see figure 1 ). For example, with L = 17 it peaks on sector J = 24 with 24/17 ≈ 1.412 being a good approximation to √ 2 ≈ 1.414. By increasing L we probabilistically recover the standard vector addition, although for any finite-sized The vertical axis is a rescaled probability to account for the increase in data points as we increase L. The horizontal axis is J/L where J is the measured total angular momentum of the two orthogonal spins.
spin '
√ 2' is always a rational number, which would have pleased the ancient Greeks. Classicality emerges through the distribution over the different sectors, and the value for the negativity of the twirled state is dominated by states σ kc where k c labels a sector with total angular momentum near to the classical value.
For any angle of inclination β for the QRF spins, we can construct the corresponding state
where |Jn (β) = L is a coherent spin state polarized at an angle β to the Z axis, and then compute the negativity of G[|QRF ⊗ |ψ − ]. Intuitively we expect the preserved negativity to increase with L for optimal angles at each value of L.
In figure 2 we have computed the optimal angles β opt (L), for a QRF composed of two spin L particles, that preserve the most negativity in the singlet state. The numerical algorithm used is as follows: for a fixed L, we first construct Alice's unitary transformation U A (L) from the physical basis of the spin system H = H L ⊗ H L ⊗ H 1/2 to the virtual basis {|s, j, p } where s is the sector label, j labels the 'junk' degrees of freedom affected by the G-twirling, while p labels the degrees of freedom of the protected virtual subsystems. For any fixed angle β, we construct |QRF (β) A ⊗ |ψ
to the full state. The negativity after G-twirling is then obtained by projecting onto sectors, tracing out onto the protected qubit systems and using (17) to find the total preserved negativity between A and B.
We find that the function β opt (L) rises to a peak of 96.5 degrees for L = 3 before starting a slow decline. For large values of L we find that the function N (β, L = constant) flattens out over the interval 0 to 180 degrees and vanishes at the two end-points where the QRF becomes degenerate. The maximal preservation of negativity in- creases rapidly with L, reaching 90% already by L = 6.5, see figure 3 .
Some intuition as to why small values of L have β opt > 90 degrees can be gained from figure 1. For small values of L the probability distribution is asymmetric and has a relatively large weight on the sector with total angular momentum 2L. This sector contains no protected subsystem, and so it is clearly beneficial to have an angle of inclination slightly above 90 to reduce the contribution from a sector that can preserve no negativity. Of course there is another competing aspect. Having the spins strongly anti-aligned results in virtual qubit states σ k with poor negativity. Note that the L = 1/2 case is in fact the only one with β opt < 90 degrees, and so in this case it is not merely a matter of avoiding the sector of largest L, but there is also a strong dependence of the negativity for each σ k on the QRF spin alignment. In light of these results, it would be of interest in future work to study this emergence of classicality, and to further analyse the competing mechanisms at work for small systems.
VI. CONCLUSIONS
In this work we have considered the fundamental limits of finite-sized quantum reference frames. We have analysed how well the most primitive such frame can ever perform under certain information preserving criteria, and have found a rough concordance as to the properties of the optimal primitive reference frame. The optimal frames involve spins roughly orthogonal (between 82 and 90 degrees), and with a small degree of entanglement (an entropy of entanglement of about 0.15). The actual performance of a single optimal reference frame in each case is roughly 25% of the infinite-limit classical frame. We also studied the classical limit of such a quantum refer- ence frame and found that the usual vector addition law emerges gradually, and that a large amount of negativity can be preserved even for modest-sized spins. The optimal angle of inclination as a function of L displays an unusual peak at L = 3, before slowly decreasing towards 90 degrees, where finite-size effects are washed out and the reference frame no longeer degrades the spin entanglement.
